Abstract. We study the cosmological evolution and phenomenological properties of scalar bosons in the keV to MeV range that have a tiny mixing with the Standard Model Higgs boson. The mixing determines both the abundance of light scalars produced via the freezein mechanism and their lifetime. Intriguingly, the parameters required for such scalars to account for all of the dark matter in the present Universe generically predict lifetimes comparable to the sensitivity of present and future indirect detection experiments. In order to accurately determine the relic abundance of light scalars, we calculate freeze-in yields including effects from finite temperatures and quantum statistics and develop a new approach for solving the Boltzmann equation for number-changing processes in the dark sector. We find that light scalars can potentially explain the anomalous x-ray emission at 3.5 keV, while evading constraints from structure formation and predicting potentially observable self-interaction cross sections.
Introduction
All known particles of the Standard Model (SM) have sufficiently strong interactions to enter into thermal equilibrium with each other at high temperatures. It is hence tempting to assume that also the dark matter (DM) particle was at some point in thermal equilibrium with the SM and then obtained its relic abundance via the freeze-out mechanism. While this scenario is both well-motivated and predictive, there are many interesting alternative production mechanisms for DM. In particular, it is conceivable that reheating created only a negligible DM abundance and that the dark sector is only slowly populated subsequently through tiny interactions with SM particles. This so-called freeze-in mechanism [1, 2] has received significant interest recently, illustrated best by the fact that micrOmegas now provides a numerical tool for the automated calculation of freeze-in yields [3] .
While freeze-in is an attractive alternative to the standard paradigm of thermal freezeout, an experimental confirmation of the idea is rather challenging. Colliders such as the LHC are typically unable to probe non-thermalised hidden sectors [4, 5] and direct detection experiments are only sensitive if the mediator of the interactions between the DM particle and the SM is light, such that scattering is strongly enhanced in the non-relativistic limit [6] [7] [8] . Indirect detection, however, may have a unique opportunity to probe freeze-in [9] , for example if the DM particle is unstable, such that it can decay via the same interaction responsible for its production [10] . In this case, the smallness of the coupling implied by the freeze-in mechanism explains at the same time the long lifetime of DM in the absence of a stabilising symmetry. Figure 1 . Sketch of the evolution of the co-moving number density of light scalars with decreasing temperature of the SM thermal bath. Note that the relative size of the different regimes and the magnitude of the different effects is not to scale.
Such a set-up is well-known in the context of keV sterile neutrinos, for which production and decay both proceed through a tiny mixing with SM neutrinos [11] (see also Refs. [12] [13] [14] for alternative ways to produce sterile neutrinos via freeze-in). The case of scalar and vector particles that mix with the SM Higgs boson or the SM photon, respectively, was first explored in Ref. [15] . 1 This work however focused on the case of a sub-dominant DM component with a lifetime short compared to the age of the Universe. Moreover, the freeze-in production of light scalars was calculated in a very approximate way, considering only a limited range of temperatures and a few production processes.
In the present work we point out that the production in the Early Universe of light scalars with Higgs mixing is in fact surprisingly complex. First of all, the freeze-in production proceeds in three stages, corresponding to temperatures before, during and after electroweak symmetry breaking (EWSB). Although the dominant contribution to the DM abundance typically arises after EWSB, it is essential to correctly account for the effect of the electroweak phase transition (EWPT) in order to avoid unphysical contributions from high temperatures. Furthermore, since the light scalars are not protected by a stabilising symmetry, 2 → 3 and 3 → 2 processes may play an important role. This means that the co-moving DM density is not necessarily constant after the end of freeze-in and additional considerations are needed to calculate the subsequent evolution of the dark sector.
A number of previous works have studied the freeze-out of number-changing processes in a dark sector that is initially in kinetic and chemical equilibrium [19] [20] [21] [22] . In the present work, we extend these studies by considering the evolution of a dark sector where chemical equilibrium is not guaranteed. 2 For this purpose, we consider 2 → 3 processes for relativistic initial states in order to address the question whether or not number-changing processes are efficient enough to thermalise the dark sector. Using a combination of analytical approximations and numerical algorithms we can then calculate the present day abundance of light scalars for arbitrary model parameters.
The different stages of production of light scalars are illustrated in figure 1, which shows schematically the evolution of the co-moving number density Y as a function of the inverse temperature x (precise definitions of these quantities will be provided below). The first three steps correspond to the freeze-in production of light scalars before, during and after EWSB. The fourth and fifth step correspond to thermalisation of the dark sector and dark sector freeze-out, respectively. While the first three steps always increase the DM abundance and the final step always leads to a decrease, the fourth step can either enhance or deplete the co-moving number density, depending on how the freeze-in yield compares to the equilibrium distribution.
We identify large regions of parameter space where lights scalars can be all of DM and have a lifetime large compared to the age of the Universe. The combined constraints from indirect detection experiments and DM self-interactions, however, force such light scalars to have masses in the keV range and lifetimes that are only slightly below current experimental sensitivity, such that the scenario may be testable with future x-ray missions such as the Hitomi [25] re-flight. Moreover, decaying light scalars from freeze-in may provide a viable explanation of the claimed observation of an x-ray line at 3.5 keV in various astrophysical systems [26, 27] while facing much weaker constraints from structure formation than sterile neutrinos. For different ways of connecting the 3.5 keV line to the freeze-in mechanism, we refer to Refs. [28, 29] . This paper is structured as follows. We present the model that we consider in section 2, derive the mixing with the SM Higgs boson after electroweak symmetry breaking and discuss the importance of finite-temperature effects. Section 3 deals with the freeze-in production of light scalars, accounting for the different production mechanisms before, during and after electroweak symmetry breaking. The subsequent evolution, in particular the role of 2 → 3 processes, is discussed in section 4, where we also provides the final results from the relic density calculation. The phenomenological implications and existing experimental constraints are discussed in Sec. 5. Appendix A provides additional details on how to solve the Boltzmann equation for 2 → 3 processes.
Light scalars and Higgs mixing
We consider the most general Lagrangian for a real scalar singlet s 0 with a Z 2 symmetry (see also Ref. [30] ):
The negative mass term for the scalar leads to a spontaneous breaking of the Z 2 , such that the scalar acquires a vacuum expectation value (vev): s 0 = s+v s . We assume for the moment that this happens at temperatures large compared to the temperature of the EWPT. The Lagrangian then becomes
Here we have assumed that λ hs v 2 s is very small compared to the bare Higgs mass term and can therefore be neglected, which is a good approximation for the values of λ hs and v s that we will consider later.
After EWSB we replace H = (h + v)/ √ 2. This introduces an additional contribution to the mass term of the scalar singlet: −µ 2 s → −µ 2 s + λ hs v 2 /2. This contribution can potentially restore the Z 2 symmetry, leading to the so-called vev flip-flop [31, 32] . Here, instead, we will consider the case where the Z 2 remains broken at low temperatures. In this case, the Lagrangian can be written as
We take the free parameters to be λ s and λ hs as well as the zero-temperature value of m s , such that the vev of the scalar field is given by
Eq. (2.3) still contains a non-diagonal mass term of the form L mixing = λ hs v s v hs, leading to the mixing of the two scalar fields. The mass matrix is given by
with λ denoting the quartic self-coupling of the SM Higgs field. To find the mass eigenstates we rotate the interaction eigenstates by the mixing angle θ:
The mass matrix is diagonalised for
which gives the mass eigenvalues
We will focus on the case θ 1, such that h SM is SM-like, while h s only has tiny couplings to SM states. In this case we can furthermore neglect the shift in the mass eigenstates. 3 Thus, to simplify notation, we will continue denoting the mostly SM-like scalar by h and the mostly SM-singlet scalar by s. We also note that in this case eq. (2.7) simplifies to
While the discussion above has been fully general, we will from now on focus on the case where the extra scalar is much lighter than the SM Higgs boson, m s m h . The main motivation for this choice is that we will be interested in the case of long-lived light scalars, which -as we will see below -requires masses in the keV to MeV range.
We make the crucial observation that the mixing angle θ depends on temperature via the temperature dependence of the two vevs. In particular, θ = 0 for v = 0, i.e. before EWSB. This means that the phenomenology of our model will be decisively different at high temperatures, when the two scalar fields cannot mix, and at low temperatures, when mixing becomes possible. We will treat these two regimes separately below and also discuss in detail what happens for temperatures close to the EWPT.
The temperature dependence of the electroweak vev can be determined by considering the effective potential V . Assuming the additional scalar field to be so weakly coupled that its contribution is completely negligible, we recover the well-known result for the SM [33] : 10) where φ is the constant background field and D, E, T o and λ(T ) can be calculated in terms of SM parameters. Since we are not interested in the strength of the EWPT, we will ignore the term proportional to φ 3 , making use of the fact that E is known to be small in the SM. The temperature of the EWPT is then simply given by T c = T o ≈ 164 GeV. For T > T c the effective potential is minimized by φ = 0, such that the electroweak symmetry is unbroken. While fermions and gauge bosons are massless, the mass of the (complex) Higgs boson is given by
For temperatures smaller than but close to the critical temperature, the Higgs vev and mass are simply given by
12)
We will make use of these expressions in the following section.
3 Freeze-in production of light scalars
We will be interested in the case where the initial abundance of light scalars (e.g. at the end of reheating) is completely negligible, such that the dominant contribution to their relic abundance stems from the "leakage" of energy from the visible into the dark sector. There are three relevant epochs to this freeze-in production, corresponding to the temperaturedependent properties of the SM Higgs boson. As long as the electroweak symmetry is unbroken, the SM Higgs boson and the light scalar cannot mix and hence only a small number of production channels are available. During 4 the EWPT, the mixing between the two scalar bosons can be large for a very short period of time, potentially leading to rapid production of light scalars via oscillations. At lower temperatures the mixing angle becomes small but non-zero, opening up a wide range of possible production modes.
Step 1: Production before EWSB
Before EWSB, the SM Higgs field has vanishing vev and therefore cannot mix with the light scalar. This means that there are only two types of processes that can contribute to the freeze-in production of light scalars: the four-point interaction H † Hs 2 and diagrams with a complex Higgs boson in the t-channel, for example H † H → sV or HV → Hs, with V being a (massless) gauge boson of either SU (2) or U (1) (see figure 2) . Conversely, diagrams like tt → gs with a fermion in the t-channel are absent, because the light scalar does not at this stage couple to top quarks. We therefore find that all relevant cross sections vanish in the limit √ S → ∞, such that freeze-in production proceeds dominantly at low temperatures. This means in particular that in the model we consider the freeze-in yield is independent of the reheating temperature T r , as long as T r T c . Since the mixing angle θ vanishes before EWSB and since the mass of the light scalar can be neglected at high temperatures, the only parameters that determine the yield from freeze-in before EWSB are the mixed quartic coupling λ hs and the vev v s of the light scalar. We find that processes involving a t-channel Higgs boson are completely negligible, so that the freeze-in yield is dominated by the process H † H → ss. To leading order in λ hs the corresponding cross section as a function of the centre-of-mass energy √ S is given by
which is in fact independent of v s . The number density of light scalars n s can then be obtained by solving the Boltzmann equationṅ
Here g H = 2 denotes the degrees of freedom of the Higgs field, C H = 2 reflect the fact that there are two non-identical particles in the initial state and H is the Hubble expansion rate during radiation domination:
with M Pl being the Planck mass and T SM and g * SM denoting the temperature and number of relativistic degrees of freedom of the thermal bath of SM particles. The quantity C[f H ] represents the collision term responsible for creating light scalars from the thermal bath. To obtain a simple expression, we introduce the dimensionless quantities, Y = n/s SM and x SM = m s /T SM , where s SM is the entropy density of the visible sector: We can then use the methods outlined in Ref. [1] to simplify eq. (3.2) and obtain
Calculating the thermally averaged cross-section σv in a similar fashion as in Ref. [34] , we find the differential production rate of DM to be given by
where K 1 (x) is the Modified Bessel function. We show dY s /d log T SM as a function of T SM in figure 3 . As expected for freeze-in via renormalisable interactions, we find that the production rate peaks at low temperatures, i.e. right before the EWPT. Eq. (3.6) can be immediately integrated from x = 0 to x = m s /T c to obtain the total amount of DM production before EWSB. We find that for m s T c the number of DM particles produced before EWSB is to good approximation independent of the scalar mass and can be written as
We emphasize that this result consistently takes into account the fact that the mass of the Higgs bosons in the initial state depends on temperature. However, since m H (T ) < T before EWSB, it is not a good approximation to treat the Higgs bosons in the initial state as nonrelativistic, which we have done implicitly by using Maxwell-Boltzmann statistics to calculate the thermally-averaged annihilation cross section. In order to properly account for the statistics of indistinguishable relativistic particles, we use micrOmegas [3] , which employs Bose-Einstein statistics to calculate the relic abundance more accurately. It is however not easily possible to implement a temperaturedependent Higgs mass in micrOmegas. We therefore determine the value of the Higgs boson mass that gives the same result as the temperature-dependent Higgs mass for the case of Maxwell-Boltzmann statistics, and then fix the Higgs boson mass to this value in micrOmegas also for the case of Bose-Einstein statistics. The suitable value is found to be m H,fixed ≈ m H (T = 287 GeV) ≈ 136 GeV, which is consistent with the observation that the dominant contribution to freeze-in production arises shortly before the EWPT.
Following this procedure, we find that the abundance with the more accurate treatment of statistics is given by
which is larger than the previous result by about a factor of 2 (see figure 3 ). Such a difference is not unexpected for relativistic particles in the initial state and is consistent with similar observations made in Ref. [3] .
Step 2: Production during EWSB
Electroweak symmetry breaking is triggered by the µ 2 -term in the Lagrangian changing sign. At the point when this happens, T ≈ T c , the mass of the SM Higgs boson vanishes and then increases again with decreasing temperature. This implies in particular that right after the EWPT the SM Higgs boson will have both a very small (but non-zero) vev v(T ) and a very small mass m h (T ). The temperature-dependent mixing angle is then approximately given by
where we assume for simplicity that the temperature dependence of m s and v s is negligible for T ≈ T c . For a short period of time right after the EWPT, the mass of the SM Higgs boson may be comparable to the mass of the light scalar, m h (T ) ≈ m s . It then becomes important to include also the imaginary part of the Higgs boson mass, which depends on the interactions of the Higgs with other particles in the thermal bath. While this term ensures that θ(T ) 1 (assuming sufficiently small λ hs ), the mixing between the two scalars will be substantially enhanced. At this point, SM Higgs bosons can directly be converted into light scalars via oscillations.
This production mechanism is analogous to the one of hidden photons via mixing with the SM photon, which is enhanced at finite temperatures and densities due to plasma effects. It was shown in Ref. [35] that the resulting abundance of hidden photons depends essentially only on the mixing parameter and on how quickly the mass of the visible photon varies with temperature. The corresponding result for our case can be written as
where T osc is the temperature for which
and hence
For 1 we find furthermore Figure 4 . Processes relevant for freeze-in production after the electroweak phase transition. For v s < 100 GeV, production is dominated by Higgs decays (a). Conversely, for v s > 100 GeV, a number of diagrams like the ones shown in b) and c) give relevant contributions. and hence
We can furthermore make use of the fact that the Higgs boson is highly relativistic at T = T osc and hence
Bringing everything together, we obtain for the DM yield from oscillations
For the parameter region that we will be interested in (m s v s ∼ GeV) this yield is small compared to the one from before EWSB, such that the final DM abundance does not change significantly during EWSB.
Step 3: Production after EWSB
As the temperature decreases further, oscillations between SM Higgs bosons and the light scalars become suppressed, but a number of new production channels open up (see figure 4 for a few examples). First of all, light scalars can now be produced in decays of SM Higgs bosons: h → ss. Moreover, processes like tt → sg now become active and contribute to the abundance of light scalars. We note that, in contrast to the t-channel processes considered in Sec. 3.1, these processes grow with energy like log(S/m 2 t ), due to the divergent contribution in the collinear limit cos θ → 0. In the absence of a phase transition at high temperatures, these processes would therefore dominate the production of light scalars. However, since these processes become active only after EWSB, their contribution is less important.
Interestingly, the two types of processes depend in different ways on the fundamental parameters. The production from Higgs boson decays is proportional to λ hs v ∝ sin θ/v s , whereas the production from SM fermions is simply proportional to sin θ. Hence, by independently varying λ hs and v s , it is possible to divide the parameter space into two regions on the basis of which channel(s) gives the dominant contribution. We find that for v s ≤ 100 GeV, or equivalently λ s ≥ 5 × 10 −5 (m s /1 GeV) 2 , the dominant contribution (≥ 50%) comes from Higgs decays: 5.×10 Figure 5 . Differential yield of light scalars after EWSB as a function of temperature for a number of different production channels. Blue solid lines correspond to the results obtained when accounting for quantum statistics (i.e. using Bose-Einstein and Fermi-Dirac distributions), while orange dashed lines represent the results obtained when assuming a Maxwell-Boltzmann distribution. For this plot we have set λ hs = 2 × 10 −10 and v s = 25 GeV. For these parameters, the dominant contribution arises from the decay h → ss, which peaks around T SM ∼ 40 GeV.
The corresponding yield can be calculated using a simplified Boltzmann equation [1] :
Conversely, in the opposite regime (v s ≥ 100 GeV), production is divided among a number of channels, with each channel contributing less than 10% to the total yield. We perform the relevant calculations using micrOmegas which identifies more than 100 possible channels. For reference, one such channel is W + b → ts with a cross section proportional to sin 2 θ. In the limit m s m h , the total yield from these processes is calculated to be 5
We also find that including quantum statistics affects the two regimes differently. In case of decay-dominated production, including quantum statistics increases the yield by approximately 20%. In the second regime, the resulting change is less than 1%. The reason is that a large number of different channels contribute, which behave in contrary ways on inclusion of quantum statistics. For example, the yield from channel W + Z → W + s increases whereas that from W + b → ts decreases (see figure 5) , so the net effect is washed out.
We can now calculate the total yield from freeze-in by combining the results obtained above:
(3.20)
5 Our result differs from the one obtained in Ref. [15] , where only two production channels (tt → sg and tg → ts) are included. Moreover, Ref. [15] appears not to correctly take into account the temperature dependence of the production rate, which peaks at T ms (see figure 5 ).
From eqs. (3.7), (3.15), (3.18) and (3.19) , it is easy to see that DM production is dominated by processes after EWSB, i.e. Y s,fi ≈ Y s,3 . For v s 100 GeV, the contributions from step 1 and 2 could be comparable but remain smaller than that of step 3.
Under the assumption that the initial DM yield after reheating is negligible compared to yield from freeze-in, we obtain Y s = Y s,fi , which can be directly converted into the present-day relic abundance Ω s :
where s SM,0 and ρ c,0 denote the present-day entropy density and present-day critical density, respectively. 6 We can then compare the observed value Ω DM h 2 = 0.12 [36] to the prediction in order to determine the value of λ hs required for light scalars to constitute all of DM. For the case of dominant production via Higgs decays we then obtain
These results can now be used as input for studying the further evolution of the dark sector. Before doing so let us briefly revisit our assumption that the Z 2 symmetry of the light scalar is already broken before the EWPT and that we can neglect the temperature dependence of v s and m s . At first sight, one would expect loop diagrams involving the quartic self-coupling to have important effects at high temperatures, which would restore the Z 2 symmetry for T v s [37] . However, since the light scalars are never in thermal equilibrium, these contributions are in fact absent and the only temperature dependence arises from interactions between the light scalars and SM Higgs bosons. It was shown in Ref. [10] that for λ hs > 0 these interactions will restore the Z 2 symmetry at high temperatures. Nevertheless, the dominant production mode for small v s is h → ss, which does not require mixing between the two Higgs bosons. This production mechanism therefore works in exactly the same way also if the Z 2 symmetry is still unbroken after the EWPT. The discussion below is therefore independent of whether the Z 2 symmetry breaks before or after the EWPT. 7 
Evolution of the dark sector
Once the number density of Higgs bosons becomes strongly Boltzmann suppressed, the freezein production of light scalars terminates and the two sectors of the theory develop completely independently. This does, however, not necessarily mean that the co-moving number density of light scalars stays constant. Since the Z 2 symmetry of the light scalar is broken, 2 → 3 and 3 → 2 processes can change the number density and temperature of the dark sector. In particular, these processes can lead to a period of chemical equilibrium within the dark sector, which ends when the number-changing processes freeze out. In the following we will first determine the regions of parameter space where interactions within the dark sector can be important and then develop the necessary formalism for calculating the final abundance of light scalars in these regions.
Step 4: Thermalisation
All the production mechanisms discussed above lead to the production of light scalars with substantial energy. For example, scalars produced in Higgs decays will have an energy of m h /2 m s . Scattering between light scalars will bring them into kinetic equilibrium with each other, such that we can define a dark sector temperature T dark , which will in general be different from the temperature T SM of the SM particles. 8 It is however not clear a priori whether the light scalars will also achieve chemical equilibrium, such that their distribution would follow an equilibrium distribution with vanishing chemical potential µ dark . 9 Indeed, we will now show that it is inconsistent to assume µ dark = 0 at the end of freeze-in.
In analogy to the co-moving number density Y s we define a rescaled energy density In other words, freeze-in production of light scalars imposes a specific ratio of energy density to number density in the dark sector. Given kinetic equilibrium, the number density and energy density of light scalars after freeze-in can be written as
where T dark,fi and µ dark,fi denote the temperature and chemical potential of the dark sector at the end of freeze-in. The precise definition of when freeze-in ends is of course arbitrary and does not impact the subsequent calculation. We can now use eq. (4.3) to eliminate T dark,fi . For example, if we neglect the −1 in the denominator of the expressions above and assume that the light scalars are highly relativistic, it can be immediately seen that ρ s,fi /n s,fi = 3 T dark,fi 8 In principle, scattering between light scalars and SM fermions via Higgs exchange could lead to the exchange of energy and hence kinetic equilibrium between the two sectors. The cross section for this process is parametrically given by σscat ∝ λ h . The corresponding scattering rate Γscat = σscatn f is found to be tiny compared to the Hubble rate for the range of λ hs that we are interested in, so it is safe to neglect these processes. 9 Note that chemical equilibrium does in general not imply that the chemical potentials vanish, but that they add up to zero. In our case, however, we only consider number-changing processes with final and initial states of the same particle species, so chemical equilibrium does imply vanishing chemical potential. Figure 6 . Number-changing processes in the dark sector which result in a decrease in the dark sector temperature and an increase in the dark matter number density.
independent of µ dark,fi . In combination with eq. (4.3) we therefore find T dark,fi = 0.58 T SM,fi . In this approximation, the temperature of the dark sector is independent of the amount of freeze-in production, which can therefore only be captured by choosing an appropriate chemical potential µ dark .
It should be clear from the discussion above that it will in general only be possible to match the freeze-in prediction for both n s and ρ s if both T dark,fi and µ dark,fi are allowed to vary. 10 This implies in particular that the number density of light scalars may initially be quite different from the equilibrium number density expected for the temperature T dark . Whether or not it stays that way, i.e. whether or not the light scalars enter into chemical equilibrium, depends on the rate of number-changing processes.
Assuming for the moment that these processes are inefficient, the subsequent evolution of the dark sector will be fully determined by the simultaneous conservation of the dark sector entropy and co-moving number density. The initial entropy density of the dark sector is given by
while the co-moving number density is simply given by Y s = n s,fi /s SM,fi , because the contribution of the dark sector to the Hubble expansion rate is completely negligible. Since entropy is separately conserved in the two sectors, the ratio of the entropy densities
is simply a constant. We can therefore calculate the temperature and chemical potential of the dark sector, parametrised by x dark = m s /T dark and ν dark = µ dark /T dark as a function of the visible sector temperature T SM . In the absence of number-changing processes, the evolution of these quantities is fairly trivial. The only effect that changes the temperature ratio and the chemical potential is when particles in either of the two sectors become non-relativistic.
We can use these observations to answer the question whether it is consistent to ignore the effect of number-changing processes. The most important such processes are the 2 → 3 processes shown in figure 6 , which convert kinetic energy into new particles, such that the dark sector temperature decreases while the co-moving number density increases. For m s √ S the cross section for the simplest of these processes (shown in the leftmost panel) is given 10 Refs. [7, 18] suggest to calculate the dark sector temperature by using the Stefan-Boltzmann law T dark = [ρs g * /(ρ g * dark )] 1/4 TSM, which implicitly assumes vanishing chemical potential. While this formula gives the correct prediction for the energy density, it fails to predict the correct number density in the dark sector and therefore cannot be applied to our case. by 11
We find however that the additional diagrams give a larger contribution to the total cross section, because the intermediate particles can be nearly on-shell. For these diagrams it becomes unfeasible to perform the phase-space integration analytically (in particular in the important limit √ S → 3 m s ), so that we use calchep 3.7.1 [38] to obtain the full result for arbitrary centre-of-mass energies.
The corresponding interaction rate is given by Γ 2→3 = σv 2→3 n s , where σv 2→3 denotes the thermal average with respect to the temperature of the dark sector, which can be calculated in terms of the SM temperature. If Γ 2→3 (T SM ) H(T SM ) for all temperatures T SM , the light scalars will never enter into chemical equilibrium with each other. In this case, we can indeed treat the co-moving number density Y s as constant and obtain the final relic abundance of light scalars directly from the freeze-in yield.
We show in figure 7 the ratio Γ 2→3 /H for specific values of λ s and m s under the assumption that the co-moving number density is given by Y s = Ω DM ρ c,0 /(m s s SM,0 ) = const, such that light scalars would constitute all of the DM in the present Universe. The two x-axis of the figure indicate x SM and x dark , respectively. We observe that the interaction rate is largest relative to the Hubble rate for x dark ≈ 0.4, i.e. shortly before the average centre-ofmass energy becomes insufficient to produce a new particle. Since the cross section is simply 11 The cross section is in fact proportional to λ Figure 8 . Regions of different dark sector evolution as a function of m s and λ s . In the red shaded regions the reaction rate σv 2→3 n s exceeds the Hubble rate H(T ) at some point in the early Universe, leading to a thermalised dark sector with vanishing chemical potential. In the yellow shaded regions, the ratio of the rates is between 1% and unity, such that number-changing processes cannot be neglected even though the dark sector might not reach chemical equilibrium. In the green shaded regions, the reaction rate never exceeds 1% of the expansion rate, such that the abundance will not be significantly affected by number-changing processes. The grey area in the bottom-right corner indicate the parameter range where 2 → 2 processes give the dominant contribution to the freeze-in yield.
proportional to λ 3 s for fixed m s , we can immediately infer the largest value of λ s for which Γ 2→3 /H < 1 for all temperatures. For example, for m s = 1 MeV we find λ s 3 · 10 −5 .
We illustrate in figure 8 how the maximum value of Γ 2→3 /H depends on the scalar mass m s and its self coupling λ s under the assumption that Y s is constant and corresponds to the observed DM relic abundance. The five stars correspond to the five curves shown in figure 7. In the red shaded parameter region the maximum ratio exceeds unity, meaning that 2 → 3 processes will be efficient enough to bring the dark sector into chemical equilibrium. In the green shaded region, on the other hand, the ratio never exceeds 0.01 and we can safely neglect number-changing processes. In the intermediate region, shaded in yellow, the reaction rate stays below the Hubble expansion rate, but is still large enough that we cannot treat Y s as constant. We will deal with this case together with the case of full chemical equilibrium in the following section.
Finally, we also indicate in figure 8 the parameter region where the freeze-in abundance is dominantly set by t-channel processes (rather than Higgs decays). We find that in these parameter regions 2 → 3 processes are completely negligible, so that the evolution of the dark sector after the end of freeze-in is trivial. Conversely, in the regions of parameter space where chemical equilibrium may be established, it is fully justified to estimate the energy density of the dark sector under the assumption of freeze-in via Higgs decays, as we have done above.
Step 5: Dark sector freeze-out
Let us now take a closer look at what happens when the dark sector reaches chemical equilibrium. In this case µ dark = 0 and the number density is given by the equilibrium distribution
As the light scalars become non-relativistic, the equilibrium number density becomes exponentially suppressed. The reason is that the 2 → 3 processes, which helped to populate the dark sector, now become inefficient due to the lack of sufficient kinetic energy to produce a third particle. The inverse process, on the other hand, remains fully efficient and leads to a depletion of light scalars in combination with an increase of the dark sector temperature. This is the well-known cannibalism mechanism [19, 21, 22] . It ceases to be efficient once the rate for the 3 → 2 process drops below the Hubble expansion rate, at which point the interactions freeze out and the co-moving number density of light scalars becomes constant. The final abundance of light scalars is then determined by the temperature when the departure from chemical equilibrium happens.
While it is possible to use entropy conservation to obtain an approximate estimate of the freeze-out abundance [19] , we will calculate the evolution of Y s numerically by solving the Boltzmann equation because the rates of the two processes must be equal in thermal equilibrium (see appendix A of Ref. [20] ). The Boltzmann equation can now be solved for given Y s,fi and σv 2→3 to yield the present-day value of Y s , Y s,0 . To do so, it is convenient to rewrite eq. (4.11) as
Note that our approach differs from the one taken in Refs. [20, 24] in that we base our calculation on σv 2→3 rather than σv 2 3→2 , which we can calculate for arbitrary centre-ofmass energies (whereas Refs. [20, 24] only consider the non-relativistic limit). This makes it possible to treat thermalisation and freeze-out in a unified framework, i.e. we can use the Boltzmann equation also in the case where the dark sector never reaches chemical equilibrium.
The disadvantage of our approach is that we need to track the dark sector temperature throughout the evolution of the dark sector (whereas σv 2 3→2 becomes independent of the dark sector temperature in the non-relativistic limit). To do so, we again make use of the fact that the entropy ratio ξ remains constant, such that we can write where as before x dark = m s /T dark and ν dark = µ dark /T dark . If we neglect the −1 in the denominator of the Bose-Einstein distribution, which is a good approximation as long as the dark sector is sufficiently sparsely populated, we find that
depends only on x dark , but not on ν dark , which in turn is given by
Combining these equations gives 16) which is now independent of ν dark . Eq. (4.16) can be solved numerically for x dark for given Y s , ξ and s SM (the latter entering in the calculation of Y eq s ). We are now in the position to solve eq. (4.11) numerically (see appendix A for details). Figure 9 shows a number of examples for how Y s evolves as function of x SM . All examples correspond to the same scalar mass, m s = 1 MeV, but different values of λ s (as indicated in figure 8 ). Note that x dark depends on λ s and hence we do not show a second x-axis in this plot. We identify the following cases (cf. figure 8 ):
• For λ s 5 · 10 −6 the reaction rate always stays well below the Hubble rate and the co-moving number density does not change.
• For λ s ∼ 10 −5 the reaction rate stays only slightly below the Hubble rate. The 2 → 3 processes can therefore not be entirely neglected and lead to a slight increase in Y s . Nevertheless, the dark sector does not reach chemical equilibrium in this case. • For λ s 3 · 10 −5 the dark sector reaches chemical equilibrium and subsequently freezes out. With increasing λ s equilibrium is reached more quickly and is maintained longer before freeze-out.
As for standard freeze-out we therefore find that larger couplings lead to a smaller relic abundance. For the case of freeze-out via 3 → 2 processes, however, the dependence on the couplings is much milder. Indeed, as shown in appendix A, the co-moving number density after dark sector freeze-out can approximately be written as
with a ≈ 4-5. In particular, Y s depends only logarithmically on λ s and therefore changes only slightly even if λ s varies substantially.
Relic abundance of light scalars
We now have all the necessary ingredients to combine the calculations outlined in steps 1-5 above and calculate the final relic abundance of light scalars as a function of m s , λ s and λ hs . We show in the left panel of figure 10 the value of λ hs needed to obtain Ω s h 2 = 0.12 as a function of m s and λ s . Following eq. (3.22), one would expect Ω s to be independent of λ s in the absence of 2 → 3 processes, such that lines of constant λ hs would simply be vertical. This is indeed what we find for small values of λ s , when number-changing processes are inefficient. For larger self-couplings, however, the behaviour becomes more complicated and lines of constant λ hs are no longer vertical. This effect can be most easily understood by consulting the right panel of figure 10 , which shows the ratio of the scalar abundance after freeze-in, Y s,fi , and the present-day abundance after dark sector freeze-out, Y s,0 , for parameter points that satisfy the relic density requirement. In the bottom-right corner we see once again that number-changing processes have a negligible effect on the abundance of light scalars, such that Y s,fi /Y s,0 = 1. For somewhat larger values of λ s (indicated by dark blue shading) the dark sector still does not reach chemical equilibrium, but the effect of 2 → 3 processes cannot be completely neglected, leading to a net increase in the co-moving number density (and a decrease the dark sector temperature relative to the SM temperature). This means that Y s,fi /Y s,0 < 1 and hence smaller freeze-in yields (and smaller values of λ hs ) are sufficient to reproduce the observed DM abundance in the present Universe. For even larger values of λ s (indicated by orange and red shading) the dark sector enters into chemical equilibrium and dark sector freeze-out leads to a decrease in the co-moving number density, as well as to heating of the dark sector. Since in this parameter region Y s,fi /Y s,0 > 1, larger freeze-in yields (and hence larger values of λ hs ) are required to reproduce the observed DM relic abundance.
Finally, we note that in the bottom-right corner of the left panel of figure 10 the freeze-in contribution of additional channels beyond Higgs decays becomes important (see section 3.3), leading to an additional dependence of Y s on λ s , such that lines of constant λ hs are no longer vertical, even though the effect of number-changing processes is negligible.
Phenomenological consequences
Let us now answer the question whether the light scalars considered above can constitute all of the DM in the present Universe. For this purpose we need to consider their lifetime (which must not only exceed the age of the Universe but also satisfy various constraints from indirect detection) as well as the self-interaction cross section (which is constrained by a number of astrophysical observations). A similar discussion can be found in Ref. [10] .
Light scalar decays
In the present work we focus on scalar DM particles in the mass range between 1 keV and 100 MeV, such that there are only two possible decay modes: s → e + e − and s → γγ (see also Ref. [39] for a similar discussion in the context of relaxion-Higgs mixing). The corresponding decay widths can be calculated in complete analogy to the case of a light Higgs boson [40, 41] . The electronic partial decay width is given by
with z e = 4m 2 e /m 2 s and Γ(s → e + e − ) = 0 for z e ≥ 1. Decays into photons are absent at tree-level, but are induced via loops of SM fermions and bosons. The resulting partial width can be written as
where α is the fine-structure constant and
is the form factor for fermionic loops. We include this form factor only for electrons and evaluate all other loops in the limit z f → ∞, which is a good approximation even for up and down quarks, because their effective mass in the loop is of the order of the pion mass [42] .
As expected, we find that decays into electrons completely dominate once they become kinematically allowed. In fact, for the typical coupling strengths required for freeze-in production (sin θ ∼ 10 −12 -10 −14 ), the resulting lifetime is well below 10 20 s. Such lifetimes are strongly excluded by observations of the Cosmic Microwave Background [36, 43, 44] and, more recently, measurements of the 21cm radiation temperature in the re-ionisation epoch [45, 46] . In other words, only a small fraction of DM could be in the form of unstable MeV scalars produced via the freeze-in mechanism.
For m s < 1 MeV only the photonic decay mode remains kinematically allowed and the scalar lifetimes become much larger. At the same time, however, the observational signature is much more striking: a mono-energetic γ-ray or x-ray line with energy E γ = m s /2. Such lines have been searched for in the context of keV sterile neutrinos [47] . To convert a bound on the active-sterile mixing angle sin 2 2θ into a bound on the scalar lifetime, we note that
and that the bound on the scalar lifetime is stronger by a factor of 2, because each scalar decay produces two photons rather than one. The strongest bounds come from INTEGRAL [48] for m s ∼ 100-1000 keV, from NuSTAR [49] for m s ∼ 10-100 keV and from a combination of x-ray observations of M31 [50] for even smaller masses. These constraints typically require τ 10 27 -10 29 s.
Self-interactions and structure formation
The quartic self-coupling between the light scalars gives rise to velocity-independent selfinteractions. The corresponding cross section is given by [18] 
Observations from the Bullet Cluster constrain this cross section to be smaller than approximately 1 cm 2 g −1 [51] [52] [53] , which translates to
(5.6)
Since we are considering DM particles with mass in the keV range, another potential concern are constraints from structure formation, in particular from the Lyman-α forest [54, 55] . The impact of our model on structure formation is however very different from the case of sterile neutrinos. The reason is that self-interactions between DM particles prevent free-streaming, and structures can therefore only be washed out by diffusion. 12 The diffusion length l s in the presence of self-interactions is given by [57] 
The integration range in principle extends to the time t dec when self-interactions become inefficient, i.e. when n s σ s v s < H, but the main contribution to the diffusion stems from relativistic particles. We can therefore approximate for T dark m s , it is easy to see that the integrand of Eq. (5.8) is independent of a during radiation domination (ignoring the slight temperature dependence of g * SM ) and hence
Using the same approximation as above, a NR is defined by αT SM = m s and hence a NR ∝ α/m s . Since Y 0 ∝ 1/m s , we therefore find that l s is largely independent of m s . This leads to the extremely simple result
Hence, for λ s > 10 −11 the matter power spectrum remains unaffected on observable scales. We note however that a dec can potentially be significantly larger than a NR , such that dark matter behaves like a non-relativistic collisional fluid until rather late times. For example, for m s = 10 keV and λ s = 10 −6 we find a dec ≈ 2 × 10 −5 (corresponding to T SM,dec ≈ 10 eV). Such large values of a dec may affect the growth of density perturbations and hence potentially lead to modifications of the CMB [58] . We leave a study of these effects, which may strengthen the bound on the self-interaction cross section, to future work.
Results
The results of our analysis are summarised in figure 11. For each value of λ s and m s we fix λ hs such that the light scalars constitute all of the DM in the present Universe (see figure 10) . Across the entire plot the lifetime of the scalars exceeds the age of the Universe by many orders of magnitude, but for large values of m s , as well as for small values of λ s (corresponding to large values of v s and hence to larger mixing with the SM Higgs boson) there are strong constraints from searches for x-ray lines. For small masses and large self-couplings, on the other hand, constraints from DM self-interactions become strong and exclude a large part of the parameter space. The two constraints are highly complementary and in combination rule out light scalars with masses above about 10 keV. For smaller scalar masses, however, viable parameter regions remain.
This mass range is of particular interest in the context of interpreting a number of claimed observations of an anomalous x-ray emission around 3.5 keV in several galaxy clusters [26, 27] . We indicate the parameter region where these excesses can be accommodated by a red box, noting the well-known tension between these claims and the constraints obtained from M31 [59] . Intriguingly, this parameter region corresponds to self-interaction cross sections of the order of 0.1 cm 2 g −1 (indicated by the dashed blue line), which are only an order of magnitude below current bounds and may be testable with novel approaches, such as measurements of core sizes in galaxy clusters [60, 61] .
In conclusion, should the x-ray line emission around 3.5 keV be confirmed by future observations, light scalars produced via the freeze-in mechanism may provide an attractive Figure 11 . Constraints on decaying lights scalars from a combination x-ray observations (orange) and from the bound on self-interactions obtained from the Bullet Cluster (blue). The dashed blue line indicates a self-interaction cross section one order of magnitude below current bounds, while the region shaded in red corresponds to the parameter region preferred by the claimed excesses of x-ray emission around 3.5 keV.
explanation. In contrast to sterile neutrinos, these particles do not free-stream in the early Universe, but the effects of self-interactions may play an important role. Light scalars therefore have a distinct phenomenology that can be explored with an improved understanding of structure formation at small scales.
Conclusions
In this paper we have studied in detail the cosmological evolution and phenomenological properties of light scalar bosons in the keV to MeV range that mix with the SM Higgs boson. While the interactions with the Higgs render the light scalars unstable, for sufficiently small couplings their lifetime can be large compared to the age of the Universe. In these parameter regions light scalars never enter into thermal equilibrium with SM particles, so that their abundance is set via the freeze-in mechanism. Nevertheless, self-interactions and number-changing processes may be sufficiently large that the light scalars thermalise amongst themselves, leading to a freeze-out in the dark sector.
A close investigation of the freeze-in production of light scalars reveals a number of subtleties not fully appreciated previously. First of all, we point out the importance of the electroweak phase transition, which dramatically changes the production channels andcrucially -renders the freeze-in yield insensitive to the reheating temperature. Furthermore, we discuss the effects of a temperature-dependent Higgs mass and vev, which can potentially lead to the production of light scalars through oscillations (although the resulting yield is found to be sub-dominant in practice). Finally, we have studied in detail the impact of a proper treatment of quantum statistics for the particles in the thermal bath and find substantial differences to the case of classical statistics.
Due to the existence of number-changing processes, the evolution of the dark sector does not terminate at the end of freeze-in. We calculate the rate of 2 → 3 processes in order to determine whether the dark sector reaches chemical equilibrium. In large regions of parameter space these processes play an important role and we solve the corresponding Boltzmann equation in order to calculate the abundance of light scalars after dark sector freeze-out. For the first time we consistently include the evolution of the dark sector temperature and chemical potential in the Boltzmann equation in order to obtain accurate results even when the dark sector does not fully thermalise or when particles are still semi-relativistic during dark sector freeze-out.
We find that it is possible for light scalars in the keV to MeV range to account for all of DM, provided the Higgs portal coupling λ hs is of the order of 10 −10 -10 −8 . However, the combined constraints from the CMB, 21cm astronomy, x-ray observations and bounds on the self-scattering cross section require such light scalar DM particles to have a mass of less than about 10 keV (see figure 11) . Excitingly, this is precisely the mass range where light scalars can provide an explanation of the anomalous x-ray emission at 3.5 keV observed in various astrophysical systems. In contrast to sterile neutrinos, light scalars do not free-stream and therefore do not suppress structures on small scales, but their self-interactions may lead to other observable effects such as the formation of cores in galaxy clusters.
Finally, we note that large regions of parameter space opens up if we do not require light scalars to constitute all of DM. In particular, there are effectively no bounds from DM selfinteractions on a sub-dominant fraction of light scalars. Moreover, it would be interesting to explore the case where the light scalars have a lifetime that is small compared to the present Universe, such that they can modify the reionisation history. Such light scalars could for example act as the mediator between the SM and another stable DM particle, which also obtains its abundance via the freeze-in mechanism. A detailed study of these possibilities will be left for future work.
numerically. 13 In our numerical implementation to solve the Boltzmann equation for 2 → 3 processes, this step turns out to be the bottleneck.
Furthermore the structure of eq. (4.10) corresponds to a so-called "stiff" differential equation. For this class of differential equations ODE-solving-algorithms without adaptive step size will fail to obtain the correct solution. It is therefore preferable to use algorithms that adapt their step size depending on how quickly the differential equation changes. For points where the right-hand side of the differential equation changes rapidly if the input parameters are varied, the chosen step size will be smaller than for points where the righthand side of the differential equation is nearly invariant. To choose the appropriate step size, such adaptive algorithms need to evaluate the Jacobian of the right hand side of the differential equation, which in our case requires substantial computational expense. 14 We therefore need to find a good trade-off between stability of the solution and the accuracy of the step size.
In our analysis we solve eq. (4.10) using the implementation of the multistep-backwarddifferentiation method of the GSL-v1.15-library [62] which we found to give robust results with relatively few computational expensive steps.
An important simplification is possible whenever we are not interested in tracking the full solution of the Boltzmann equation, but only in finding the final value of Y s . Indeed, if the coupling is large enough to thermalise the dark sector, it is usually not important when exactly chemical equilibrium is reached but it suffices to know that Y s follows Y eq s until the number-changing processes decouple. Indeed, such large couplings are computationally particularly expensive, so it is desireable to have an improved treatment. For this we adapt the method implemented in MadDM [63] for the case of thermal freeze-out. Whenever it is safe to assume that chemical equilibrium is reached at some point, we make an initial guess of the value for x SM,start when number-changing processes decouple (Γ 2→3 H). We then start solving the Boltzmann equation at this point assuming Y s (x SM,start ) = Y eq s (x SM,start ) and evolve to the regime where Y s approaches a constant value. To determine the quality of our initial guess of x SM,start , we then move x SM,start to a smaller value (i.e. to higher temperatures) and repeat the evolution. This procedure is repeated until the final value of Y s converges. This way we avoid solving the Boltzmann equation in the regime where Γ 2→3
H and hence tiny step sizes would be needed for an accurate solution. In figure 12 we compare the results obtained from both methods for a fixed mass of m s = 1 MeV as a function of the coupling λ s . We use the same background colours as in figure 8 to indicate the naive ratio of Γ 2→3 /H. We see that both methods lead to the same results when the coupling is high enough (in the red regime) such that chemical equilibrium is maintained. For small couplings (green and yellow regimes) the results differ, as the assumption of chemical equilibrium, which is essential for the iterative method, is no longer satisfied. In this figure we can also see that the transition from the yellow to the red regime serves as a smooth transition between the two methods. In all our calcualtions we therefore 13 We note in passing that in the non-relativistic limit eq. (4.16) can be solved for x dark , giving We find, however, that this approximation is not sufficiently accurate for our purposes and therefore always use the exact numerical solution.
14 Note that both σv 2→3 and Y eq s depend implicitly on x dark , which in turn depends on Ys via the numerical solution of eq. (4.16). It is hence necessary to determine the Jacobian numerically, which requires repeated calls of the function to determine x dark for given inputs log xSM and log Ys. use the iterative method for parameter point in the red regime and the full evolution for points in the yellow and green regime.
Finally, we note that under the assumption that DM is sufficiently non-relativistic during dark sector freeze-out, it is also possible to derive an approximate analytical estimate of the relic abundance after dark sector freeze-out. As always the condition for freeze-out is that H = n s,fo σv 2→3 = Y s,fo s SM σv 2→3 .
(A.1)
In addition to the quantity of interest, i.e. the co-moving number density Y s,fo = Y s,0 at freezeout, this equation also depends on two further unknowns. The temperature of the visible sector at freeze-out, T SM,fo , enters via the Hubble rate and the SM entropy density, and the freeze-out temperature of the dark sector, T dark,fo , enters through the thermally averaged cross section. Indeed, in the non-relativistic regime, this cross section be approximately written as where the exponential reflects the fraction of DM particles with enough energy to induce a 2 → 3 process and the constant of proportionality needs to be determined numerically. where the parameter a includes all the numerical factors not explictly included in the first term. By fitting to our results, we determine a ≈ 4-5 with a slight dependence on both x dark and x SM . This expression is found to give a good fit to the numerical solution of the Boltzmann equation provided that λ s is large enough for the non-relativistic approximation to be justified. 15 As anticipated, Y s depends only mildly on λ s , such that varying λ s by orders of magnitude typically only changes Y s by a factor of a few. Finally, note that the freeze-in yield enters only via the entropy ratio ξ. Since larger freeze-in yields correspond to smaller ξ, we find that increasing the freeze-in yield also increases the final DM abundance after dark sector freeze-out.
